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$\mathbb{C}$ , , . $X$ Hausdorff , $C(X)$
$\sup$ norm $||$ . || $X$ Banach .
1.1 ( $\check{\mathrm{C}}$irka [2]) Hausdorff $X$ $A$ ,
$f\in A$ $f=g^{2}$ $g\in \mathrm{A}$ , $A=C(X)$ .
$\mathbb{C}$ $S^{1}$ 2 $S^{1}$ –
A . $f\in C(X)$ , $f=g^{2}$
$g\in C(X)$ , $C(X)$ , . $\mathrm{H}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{i}- \mathrm{M}\mathrm{i}\mathrm{u}\mathrm{r}\mathrm{a}[8$ ,
Theorem 2.2] $X$ $C(X)$
. C(X) $X$
1 , 1 \v{C}ech
.
$P(x, z)$ $C(X)$ monic , $n$ $a_{0},$ $a_{1},$ $\ldots,$ $a_{n-1}\in C(X)$
$P(x, z)=z^{n}+a_{n-1}(x)z^{n-1}+\cdots+a_{1}(x)z+a_{0}(x)$ , . $C(X)$ monic
$P(x, z)$ $P(x, f(x))=0(x\in X)$ $f\in C(X)$ , $C(X)$
, . , $C(X)$ $C(X)$
. Deckard-Pearcy[4] $X$ Stonian ,
Hausdorff , $C(X)$ . $X$
$y=\sin 1/x,$ $(0\leq x\leq 1)$ , $f\in C(X)$
$g\in C(X)$ $f\neq g^{2}$ Countryman[3] 1
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X C(X) .
$C(X)$ , $C(X)$
, $X$ hereditarily unicoherent almost locally connected
. Miura-Niijima[14] compact Hausdorff $X$
$C(X)$ .
Gorin-Karahanjan[7] \v{C}irka ( A) – :
Hausdorff $X$ $A$ , $f\in A$ $f=g^{p}$ $g\in A$
$p\in \mathrm{N}(p\geq 2)$ , $A=C(X)$ Karahanjan(cf [11, Theorem 1])
$A=C(X)$ :
1.2 (Karahanjan [11]) Hausdorff $X$ $A$
, $A$ , $A=C(X)$ .
$(*)$ $f\in A$ $f^{q}=g^{p}$ $g\in A$ $p,$ $q\in \mathrm{N}(q/p\not\in \mathrm{N})$ .
Hausdorff $X$ $C(X)$ $(*)$
. , $X$





2.1 (hereditar$i1\mathrm{y}$ unicoherent) $T$ hereditarily unicoherent ,
$T$ $M,$ $N$ , $M\cap N$ .
2.2 $[0,1]$ hereditardy unicoherent.
2.3 $S^{1}=\{z\in \mathbb{C} : |z|=1\}$ hereditardy unicoherent .
2.4 ( ) $T$ $\dim T$ $n$ , $T$
$\mathfrak{U}$ , $\mathfrak{U}$ $\mathfrak{B}$ , $T$ $x$ $\mathfrak{B}$ $(n+1)$
. $\dim T\leq n$ $\dim T\not\leq n-1$ $\dim T=n$ .
25 $n$ $\mathbb{R}^{n}$ $\dim \mathbb{R}^{n}=n$ .
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\v{C}ech . $C(X)^{-1}$ $C(X)$
, $\exp C(X)=\{e^{f} : f\in C(X)\}$ . Arens-Royden $(\mathrm{c}\mathrm{f}.[6])$ , $\check{H}^{1}(X, \mathbb{Z})$
$C(X)^{-1}/\exp C(X)$ , $\check{H}^{1}(X, \mathbb{Z})$
$C(X)^{-1}=\exp C(X)$ .
2.6 (almost locally connected) $T$ almost locally connected ,
$T$ $\{C_{n}\}_{n\in \mathrm{N}}$ :
(1) $C_{k}$ $\bigcup_{n\in \mathrm{N}}C_{n}$ $(k\in \mathrm{N})$ .
(2) $\exists\{x_{n}\}_{n\in \mathrm{N}},$ $\{y_{n}\}_{n\in \mathrm{N}}\subset Ts.t$ . $x_{n},$ $y_{n}\in C_{n}(n\in \mathrm{N}),$ $\{x_{n}\},$ $\{y_{n}\}$
.
2.7 $T_{1}k \bigcup_{n\in \mathrm{N}}\{1/n\}\cross[0,1/n]$ , $T_{1}$ almost locally connected.
2.8 $\bigcup_{n\in \mathrm{N}}\{1/n\}\cross[0,1]$ , $T_{2}$ [ almost locally connected .
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$X$ , $(*)$ $C(X)$ $X$ .
31 $X$ .
(1) $f\in C(X)$ $f^{q}=g^{p}$ $g\in C(X)$ $p,$ $q\in \mathrm{N}(q/p\not\in \mathrm{N})$ .
(2) $X$ Ig hereditarily unicoherent.
(3) $\dim X\leq 1,\check{H}^{1}(X, \mathbb{Z})$ .
(4) $n\in \mathrm{N}$ $\{f^{n} : f\in C(X)\}$ $C(X)$ .
(5) $f\in C(X)$ $n\in \mathrm{N}$ $f=g^{n}$ $g\in C(X)$ .
3.1 :
3.2 ([9]) $X$ Hausdorff , $p\in \mathrm{N}(p\geq 2)$ .




(1) $\Rightarrow(2)$ : . $X$ hereditarily unicoherent , $X$
$M,$ $N$ $M\cap N$ . ,
$A,$ $B$ $M\cap N=A\cup B,$ $A\cap B\neq\emptyset$ . $f$ $X$ $[0,1]$
, $f(A)=0,$ $f(B)=1$ .
$h(x)=\{$
$\exp(i\pi f(x))$ $x\in M$
$\exp(-i\pi f(x))$ $x\in N\backslash M$ .
, $M\cup N$ . , $\tilde{h}|_{M\cup N}=h$ $\tilde{h}\in C(X)$ .
$\tilde{h}$ $g\in C(X)$ $p,$ $q\in \mathrm{N}(q/P\not\in \mathrm{N})$ $\tilde{h}^{q}\neq g^{p}$ .
(2) $\Rightarrow(3)$ : [14] . , ([9])
.
(3) $\Rightarrow(4):\dim X\leq 1$ $\check{H}^{1}(X, \mathbb{Z})$ . $p\in \mathrm{N}$ $f\in C(X)$
. $\epsilon>0$ $||f-g^{p}||_{\infty}<\epsilon$ $g\in C(X)$ . $||f||_{\infty}$ $\leq 1$
– . $k\in \mathrm{N}$ $2^{p}/\epsilon^{p}<k$ . ,
$E_{k}=\{x\in X$ : $|f(x)| \geq\frac{1}{k}\}$
. $\dim X\leq 1$ , $u=f$ on $E_{k}$ $u\in C(X)^{-1}$ . , $\check{H}^{1}(X, \mathbb{Z})$
Arens-Royden , $u=v^{p}$ $v\in\exp C(X)$ .
$g,$ $h$ :
$g(x)$ $=$ $\frac{\sqrt{|f(x)|}v(x)}{|v(x)|}$ $(x\in X)$ ,
$h(x)$ $=$ $\{$
$0$ $f(x)=0$
$\frac{f(x)}{g(x)^{p-1}}$ $f(x)\neq 0$ .




(4) $\Rightarrow(5):\{g^{p} : g\in C(X)\}$ $P\in \mathrm{N}$ $C(X)$ .
$f\in C(X)$ $p\in \mathrm{N}$ . $g_{n}p$ $f$ $\{g_{n}\}$ .
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32 $\{g_{n}\}$ $\{g_{n_{j}}\}$ Cauchy . $C(X)$
, $g_{n_{j}}$ $g$ $f=g^{p}$ .
(5) $\Rightarrow(1)$ : .
1. 3.1 $X$ , (2) $\Rightarrow(3)$ (4)\Rightarrow (5)(
3.2) . (1) $\Rightarrow(2)$ $X$ ,
Hausdorff $X$ , $X$ hereditarily unicoherent , $C(X)$ 3.1
(1) .
2. 2 .
(4’) $p\in \mathrm{N}(p\geq 2)$ $\{g^{p} : g\in C(X)\}$ $C(X)$ .
(5’) $P\in \mathrm{N}(p\geq 2)$ : $f\in C(X)$ $f=g^{p}$
$g\in C(X)$ .
, 31 (5) (5) $\Rightarrow(5’)\Rightarrow(4’)$ . $X$
, 32 (5’) $f\in C(X)$ $p$
. $(4’)\Rightarrow(5’)$ . , $X$ (4’) (5’) 31
(1) (5) . $\mathrm{K}\mathrm{a}\mathrm{w}\mathrm{a}\mathrm{m}\mathrm{u}\mathrm{r}\mathrm{a}- \mathrm{M}\mathrm{i}\mathrm{u}\mathrm{r}\mathrm{a}$[ $10$ , Theorem 1.3]
1 Hausdorff $X$ , (4’) $\check{H}^{1}$ $(X, \mathrm{Z})$
$p\cdot \mathrm{d}\mathrm{i}\mathrm{v}\mathrm{i}\mathrm{s}\mathrm{i}\mathrm{b}\mathrm{l}\mathrm{e}$ .
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$X$ 1 , 3.1 (1)
, .
4.1 $X$ .
(1) $f\in C(X)$ $f^{q}=g^{p}$ $g\in C(X)$ $p,$ $q\in \mathrm{N}(q/P\not\in \mathrm{N})$ .
(2) $X\}\mathrm{h}$ hereditarily unicoherent.
(3) $\dim X\leq 1$ $\check{H}^{1}(X, \mathbb{Z})$ .
(4) $n\in \mathrm{N}$ $\{f^{n} : f\in C(X)\}$ $C(X)$ .
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(5) $f\in C(X)$ $n\in \mathrm{N}$ $f=g^{n}$ $g\in C(X)$ .
(6) $C(X)$ .
(7) $C(X)$ .
42 $X$ 1 .
(1) $f\in C(X)$ $f^{q}=g^{p}$ $g\in C(X)$ $p,$ $q\in \mathrm{N}(q/P\not\in \mathrm{N})$ .
(2) $X$ ea almost locally connected $\mathrm{B}_{1’}\supset$ hereditarily unicoherent.







(3) $\dim X\leq 1$ $\check{H}^{1}(X, \mathbb{Z})$ .
(4) $Xl\mathrm{h}$ hereditarily unicoherent.
44([3], [14]) $X$ 1 .
(1) $C(X)$ .
(2) $C(X)$ .
(3) $X\#\mathrm{h}$ almost locally connected $\mathrm{B}_{1^{d}}\supset$ hereditarily unicoherent.
(4) $X$ almost locally connected , $X$ $X_{\lambda}$ $X_{\lambda}$
, $\dim X_{\lambda}\leq 1,\check{H}^{1}(X_{\lambda}, \mathbb{Z})$ .
45 46 (cf. [12, Chap.VIII \S 57, Section I Theorem 8]
[12, Chap.VIII \S 46, Section XI Theorem 2] $)$ [9] .
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4.5 $X$ Hausdorff .
.
(1) $\check{H}^{1}(X, \mathbb{Z})$ .
(2) $X$ $X_{\lambda}$ , $\check{H}^{1}(X_{\lambda}, \mathbb{Z})$ .
4.6 $X$ Hausdorff .
.
(1) $\dim X\leq 1$ .
(2) $X$ $X_{\lambda}$ , $\dim X_{\lambda}\leq 1$ .
41 31 4.3 .
42 (2) 9(4) 9(5): 44 .
(1) $\Rightarrow(2):C(X)$ (1) 1 $X$ hereditarily
unicoherent $C(X)$ (1) $\vee\supset$ , $X$ almost locally
connected . $X$ almost locally connected
. $X$ $\{C_{n}\}_{n\in \mathrm{N}}$ : $C_{n}$
$\overline{\bigcup_{n\in \mathrm{N}}C_{n}}$ , $x_{n},$ $y_{n}\in C_{n}$ $\{x_{n}\}_{n\in \mathrm{N}}$ $\{y_{n}\}_{n\in \mathrm{N}}$
. $\{x_{n}\}_{n\in \mathrm{N}}$ $\{y_{n}\}_{n\in \mathrm{N}}$ $x_{0},$ $y0$ . $F= \bigcup_{n\in \mathrm{N}}C_{n}$
. $X$ Hausdorff , $x_{0}$ , y $A,$ $B$ $\overline{B}=\emptyset$
. $f$ $X$ [-1, 1] $f(\overline{A})=1,$ $f(\overline{B})=-1$
. $h$ :
$h(x)=\{$
$f(x)+ \frac{l}{n}(1-f^{2}(x))$ $x\in C_{n};n$
$f(x)- \frac{i}{n}(1-f^{2}(x))$ $x\in C_{n};n$
$f(x)$ $x\in\overline{F}\backslash F$.
, $h\in C(\overline{F}).\tilde{h}\in C(X)$ $\tilde{h}|_{\overline{F}}=h$ $\text{ }\tilde{\text{ }}$
$g\in C(X)$ $p,$ $q\in \mathrm{N}(q/p\not\in \mathrm{N})$ $\tilde{h}^{q}\neq g^{p}$ .
(5) $\Rightarrow(1)$ : .
42 (3)( ) 44 (4) ( ) .
( )\Rightarrow (\mbox{\boldmath $\phi$}): 45 46 .
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(\mbox{\boldmath $\phi$})\Rightarrow ( ): [3, Proof of Theorem 2.5] , $X$ $X_{\lambda}$
. 45 46 .
3. 4.1 42 $X$ – ,
$C(X)$ 31 (1) , $C(X)$ , $C(X)$
.
4. 42 (1) $\Rightarrow(2)$ , $C(X)$ 31 (1) , $X$
almost locally connected , $X$ –
. , Hausdorff $X$ $X$ almost locally
connected $C(X)$ 3.1 (1) .
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